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Abstract
Stokes &ow is described by a pair of partial di#erential equations connecting the velocity with the pressure 4eld. Pap-
kovich (1932)–Neuber (1934) and Boussinesq (1885)–Galerkin (1935) proposed two di#erent di#erential representations
of the velocity and the pressure in terms of harmonic and biharmonic functions. On the other hand, spherical geometry
provides the most widely used framework for representing small particles and obstacles embedded within a viscous, in-
compressible &uid characterizing the steady and nonaxisymmetric Stokes &ow. In the interest of producing ready-to-use
basic functions for Stokes &ow in spherical coordinates, we calculate the Papkovich–Neuber and the Boussinesq–Galerkin
eigensolutions, generated by the well known spherical harmonic and biharmonic eigenfunctions. Furthermore, connection
formulae are obtained, by which we can transform any solution of the Stokes system from the Papkovich–Neuber to the
Boussinesq–Galerkin eigenform and vice versa. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 76D07
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1. Introduction
Particle–&uid systems are encountered in many important applications, such as settling, &ow in
granular porous media, &uidization, crystallization, 4ltration, &ow of emulsions, colloids, etc. Spher-
ical geometry provides us with a good approximation for many internal and external &ow problems
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involving small particles. Since this family of problems is of considerable practical and theoretical
interest, it is worth pointing out the signi4cance of the study of &ow around spherical particles and
obstacles. Here, we are interested in Stokes &ow [4], a condition that is satis4ed in many cases
because of the small size of the suspended particles.
Stokes equations for the &ow of a viscous, incompressible &uid at small Reynolds number, which
have been known for over a century (1850) and constitute the basis of the solution of many New-
tonian &ow problems, connect a biharmonic vector velocity 4eld with a harmonic scalar pressure
4eld. There are many eHcient methods in use to solve problems with Stokes &ow such as numerical
computation, stream–function techniques and analytic-function methods [9]. The two famous general
spatial solutions, among others [6,8,9], are the Papkovich–Neuber solution [7] and the Boussinesq–
Galerkin solution [1], appearing in the paper by Xu and Wang [9]. A representation of the solutions
of Stokes equations is said to be complete if any solution can be expressed in this form. Xu and
Wang [9] showed that the Papkovich–Neuber solution and the Boussinesq–Galerkin solution are
derivable from the Naghdi–Hsu solution [6] and since the last one is proved to be complete [9],
they also provide complete representations.
It is the purpose of this work to obtain connection formulae which relate the spherical harmonic
and biharmonic functions that lead, through the Papkovich–Neuber and the Boussinesq–Galerkin
representations, to the same velocity and pressure 4elds. In other words, we calculate the &ow
4elds, generated by the harmonic eigenfunctions [5], through the Papkovich–Neuber representation
and then we face the inverse problem of determining those harmonic and biharmonic eigenfunctions,
which generate the same &ow 4elds via the Boussinesq–Galerkin representation. This procedure
is also invertible, in the sense that we can start with eigensolutions of the Boussinesq–Galerkin
representation and recover the velocity and pressure 4eld via the Papkovich–Neuber form. In the
aim of solving suHciently general interior and exterior problems, we use the internal and external
solid spherical harmonic eigenfunctions in their complex form, as they are used by Friedman and
Russek [3] and Colton and Kress [2].
As we mentioned above, spherical geometry approximates suHciently well most basic &ow prob-
lems with particles and obstacles. Nevertheless, the extension to spheroidal and ellipsoidal geometries
[5] provides a challenging area for future investigation.
2. Stokes ow: statement of the problem
The governing equations of the steady and creeping &ow of an incompressible, viscous &uid are
given by the following di#erential form [4]:
LV(r) =P(r) (1)
and
 · V(r) = 0; (2)
where V(r) is the velocity 4eld, P(r) is the pressure 4eld and  denotes the coeHcient of dynamic
viscosity of the &uid. Eq. (1) states that, for creeping &ow, the generated pressure is compensated by
the viscous forces, while Eq. (2) secures the incompressibility of the &uid. An immediate consequence
of Eqs. (1) and (2) is that the velocity V(r) is biharmonic, while the pressure P(r) and the vorticity
curlV(r) are harmonic.
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Papkovich–Neuber and Boussinesq–Galerkin proposed the following di#erent representations of
the solutions for Stokes &ow [9], which express the &ow 4elds in di#erential form, in terms of
harmonic and biharmonic functions.
The Papkovich–Neuber representation:
V(r) = F(r)− 12(r · F(r) + f(r)) (3)
and
P(r) =− · F(r); (4)
where
LF(r) = 0; Lf(r) = 0: (5)
The Boussinesq–Galerkin representation:
V(r) = LB(r)− · B(r) +b(r) (6)
and
P(r) =−L( · B(r)); (7)
where
L2B(r) = 0; Lb(r) = 0: (8)
Our interest is focused on the interrelation of these di#erential representations in spherical coordi-
nates, by constructing initially the velocity and the pressure 4eld (V ; P), generated by given spherical
harmonic (F ; f; b) and biharmonic (B) eigenfunctions. Then, we try to recover the same eigenso-
lutions, considering the internal and the external 4elds corresponding to the representations (3), (4)
and (6), (7).
This way, connection formulae can be obtained which allow us to use certain transformations of
any solution of the Stokes system from the Papkovich–Neuber to the Boussinesq–Galerkin eigenform
and vice versa, using either form of representation.
3. Spherical harmonic and biharmonic eigenfunctions
In terms of the spherical coordinate system
x1 = r sin u cos v; (9)
x2 = r sin u sin v; (10)
x3 = r cos u; (11)
where
06r ¡+∞;
06u6;
06v¡ 2;
(12)
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the di#erential operators appearing in the representations assume the forms
 = rˆ @
@r
+
1
r
D with D = uˆ
@
@u
+
Cˆ
sin u
@
@v
(13)
and
L =
1
r2
@
@r
(
r2
@
@r
)
+
1
r2
B with B= 1
sin u
@
@u
(
sin u
@
@u
)
+
1
sin2 u
@2
@v2
; (14)
where rˆ; uˆ; Cˆ denote the coordinate vectors of the spherical system and B is the Beltrami operator
[5] (B=D ·D) which has as eigencouple the pair {−n(n+ 1); Y mn (rˆ)} for every n= 0; 1; 2; : : : and
m=−n; : : : ;−1; 0; 1; : : : ; n.
For every value of n=0; 1; 2; : : : there exist (2n+1) linearly independent complex spherical surface
harmonics [2,3], given in the orthonormalized form by
Ymn (rˆ) =
√
2n+ 1
4
(n− |m|)!
(n+ |m|)!P
|m|
n e
imv;
∮
S2
Ymn (rˆ)Y
m∗
n (rˆ) dS(rˆ) = 1; (15)
where |m|6n, P|m|n = P|m|n (cos u) are the associated Legendre functions [5], “∗” denotes complex
conjugation and S2 is the unit sphere in R3 (n denotes the degree and |m| the order of the spherical
harmonic).
Every harmonic function, g(r), belongs to the kernel of L and in spherical coordinates can be
expressed in terms of the internal and the external solid spherical harmonics, i.e.
Lg(r) = 0 ⇔ g(r) =
{
rnY mn (rˆ);
r−(n+1)Ymn (rˆ):
(16)
Similarly, every biharmonic function, h(r), belongs to the kernel of L2 and according to the rep-
resentation theorem of Almansi (1897) [9], it can be written as the combination of two harmonic
functions, h1(r) and h2(r), i.e.
h(r) = h1(r) + r2h2(r) with Lh1(r) = Lh2(r) = 0: (17)
In the view of the following easily derivable relations:
 Y
m
n (rˆ)
rn+1
= [− (n+ 1)rˆ +D] Y
m
n (rˆ)
rn+2
; (18)
 Y
m
n (rˆ)
rn+1
= [− (n+ 2)rˆ +D][− (n+ 1)rˆ +D] Y
m
n (rˆ)
rn+3
(19)
and of Eqs. (13)–(17), we calculate the interior and the exterior &ow 4elds generated by proper
harmonic and biharmonic eigenfunctions, expressing the vector or the scalar character of those eigen-
functions to vector or scalar constant coeHcients, respectively.
4. Internal di erential representations and interior ow !elds
Let us consider, for the internal representation, the interior fundamental domain −⊂R3 with a
smooth boundary S = @−. The vector r stands for position vector and nˆ denotes the outward unit
normal vector on the surface S.
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The internal Papkovich–Neuber representation (P–N ):
In view of Eqs. (3)–(5) and (16), the harmonic eigenfunctions, with constant coeHcients c(i)mn
and d(i)mn+1,
F (i)mn (r) = c
(i)m
n r
nY mn (rˆ); n¿0; |m|6n (20)
and
f(i)mn (r) = d
(i)m
n+1r
n+1Ymn+1(rˆ); n¿0; |m|6n+ 1; (21)
generate the velocity V (i)P–N (r), of degree n and the pressure P
(i)
P–N (r), of degree n − 1. That is, the
internal Papkovich–Neuber eigensolutions of Stokes &ow are given by
V (i)P–N (r) = {[I˜Ymn (rˆ)− 12 [(n+ 1)rˆ +D](rˆYmn (rˆ))] · c(i)mn
+[− 12 [(n+ 1)rˆ +D]Ymn+1(rˆ)]d(i)mn+1}rn (22)
and
P(i)P–N (r) = {[− [nrˆ +D]Ymn (rˆ)] · c(i)mn }rn−1; (23)
where I˜ represents the unit dyadic.
The internal Boussinesq–Galerkin representation (B–G):
With respect to the Eqs. (6)–(8), (16) and (17), the biharmonic and harmonic eigenfunctions,
with constant coeHcients c(i)m
′
n+2 ; c
(i)m′′
n and d
(i)m′
n+1 ,
B(i)mn (r) = c
(i)m′
n+2 r
n+2Ymn+2(rˆ) + r
2c(i)m
′′
n r
nY mn (rˆ) (24)
(where the harmonic part is de4ned for n¿0 and |m|6n+ 2, while the biharmonic part is de4ned
for n¿0 and |m|6n) and
b(i)mn (r) = d
(i)m′
n+1 r
n+1Ymn+1(rˆ); n¿0; |m|6n+ 1; (25)
generate the velocity V (i)B–G(r), of degree n and the pressure P
(i)
B–G(r), of degree n − 1. That is, the
internal Boussinesq–Galerkin eigensolutions of Stokes &ow are given by
V (i)B–G(r) = {[[(6 + 4n)I˜ − [(n+ 1)rˆ +D][(n+ 2)rˆ +D]]Ymn (rˆ)] · c(i)m
′′
n
+[− [(n+ 1)rˆ +D][(n+ 2)rˆ +D]Ymn+2(rˆ)] · c(i)m
′
n+2
+ [[(n+ 1)rˆ +D]Ymn+1(rˆ)]d
(i)m′
n+1 }rn (26)
and
P(i)B–G(rˆ) = {[− (6 + 4n)[nrˆ +D]Ymn (rˆ)] · c(i)m
′′
n }rn−1: (27)
5. External di erential representations and exterior ow !elds
Let us consider, for the external representation, the exterior fundamental domain + = R3 −
{−∪@−} with the boundary, S=@+=@−. Harmonic functions, L(r)=0, that are considered
as exterior, should satisfy the asymptotic condition
(r) = O
(
1
r
)
; r →∞: (28)
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The external Papkovich–Neuber representation (P–N):
According to the Eqs. (3)–(5) and (16), the harmonic eigenfunctions, with constant coeHcients
c(e)mn and d
(e)m
n−1,
F (e)mn (r) = c
(e)m
n r
−(n+1)Ymn (rˆ); n¿0; |m|6n (29)
and
f(e)mn (r) = d
(e)m
n−1r
−nY mn−1(rˆ); n¿1; |m|6n− 1; (30)
generate the velocity V (e)P–N (r) and the pressure P
(e)
P–N (r), of degree −(n+1) and −(n+2), respectively.
These are
V (e)P–N (r) = {[I˜Ymn (rˆ)− 12 [− nrˆ +D](rˆYmn (rˆ))] · c(e)mn
+[− 12 [− nrˆ +D]Ymn−1(rˆ)]d(e)mn−1}r−(n+1) (31)
and
P(e)P–N (r) = {[− [− (n+ 1)rˆ +D]Ymn (rˆ)] · c(e)mn }r−(n+2): (32)
The external Boussinesq–Galerkin representation (B–G):
Finally, in view of Eqs. (6)–(8), (16) and (17), the biharmonic and harmonic eigenfunctions,
with constant coeHcients c(e)m
′
n−2 ; c
(e)m′′
n and d
(e)m′
n−1 ,
B(e)mn (r) = c
(e)m′
n−2 r
−(n−1)Ymn−2(rˆ) + r
2c(e)m
′′
n r
−(n+1)Ymn (rˆ) (33)
(where, here, the harmonic part is de4ned for n¿2 and |m|6n − 2, while the biharmonic part is
de4ned for n¿0 and |m|6n) and
b(e)mn (r) = d
(e)m′
n−1 r
−nY mn−1(rˆ); n¿1; |m|6n− 1; (34)
generate the velocity V (e)B–G(r) and the pressure P
(e)
B–G(r), of degree −(n+1) and −(n+2), respectively.
This way, the following eigensolutions are generated:
V (e)B–G(r) = {[[(2− 4n)I˜ − [− nrˆ +D][− (n− 1)rˆ +D]]Ymn (rˆ)] · c(e)m
′′
n
+[− [− nrˆ +D][− (n− 1)rˆ +D]Ymn−2(rˆ)] · c(e)m
′
n−2
+ [[− nrˆ +D]Ymn−1(rˆ)]d(e)m
′
n−1 }r−(n+1) (35)
and
P(e)B–G(rˆ) = {[− (2− 4n)[− (n+ 1)rˆ +D]Ymn (rˆ)] · c(e)m
′′
n }r−(n+2): (36)
The identity dyadic assumes the form
I˜ = rˆrˆ + uˆuˆ + CˆCˆ= xˆ1xˆ1 + xˆ2xˆ2 + xˆ3xˆ3: (37)
The velocity and the pressure 4elds for each of the internal and the external representations, for
both Papkovich–Neuber and Boussinesq–Galerkin representations, are written in a suitable form for
further analysis, which contains the derivation of connection formulae for the calculated &ow 4elds.
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6. Connection formulae for di erential representations
In this section, we look for those harmonic and biharmonic eigenfunctions, introduced by Eqs.
(20), (21), (24) and (25) for the interior and by Eqs. (29), (30), (33) and (34) for the exterior &ow
4elds, which provide us the same velocity and pressure 4elds. From this point of view, we seek
connection formulae for the di#erential representations through the relations
V (i)P–N (r) = V
(i)
B–G(r); P
(i)
P–N (r) = P
(i)
B–G(r) (38)
and
V (e)P–N (r) = V
(e)
B–G(r); P
(e)
P–N (r) = P
(e)
B–G(r); (39)
according to the Eqs. (22), (23), (26), (27) and (31), (32), (35), (36).
Since the vector character of the vector harmonic and biharmonic eigenfunctions is re&ected upon
the constant coeHcients, which are written in Cartesian coordinates, we are obliged to work in
the Cartesian system. This is attainable and requires the expression of the &ow 4elds in Cartesian
coordinates involving constants and spherical surface harmonics. Therefore, we are able to transfer
the connection of the harmonic and biharmonic eigenfunctions to the corresponding connection of
the constant coeHcients involved.
Thus, connection formulae are obtained, by which the constant coeHcients are connected, as a
result of the interrelation of the representations mentioned above. In order to do that, it is necessary
to express
(rnY mn (rˆ)) = {[nrˆ +D]Ymn (rˆ)}rn−1; (40)
(r−(n+1)Ymn (rˆ)) = {[− (n+ 1)rˆ +D]Ymn (rˆ)}r−(n+2) (41)
for every n= 0; 1; 2; : : : ; |m|6n; m = 0 and separately for the m= 0 functions
(rnY 0n (rˆ)) = {[nrˆ +D]Y 0n (rˆ)}rn−1; (42)
(r−(n+1)Y 0n (rˆ)) = {[− (n+ 1)rˆ +D]Y 0n (rˆ)}r−(n+2) (43)
for every n= 0; 1; 2; : : : ; as a function of spherical surface harmonics in Cartesian coordinates. This
is possible, since expressions (40)–(43) belong to the subspace produced by the spherical surface
harmonics.
In the interest of making this work complete and independent we provide the following recur-
rence relations for the associated Legendre functions [2,3,5], which are furnished by the Rodrigues
formula,
Pmn (x) = (1− x2)m=2
1
2nn!
dm+n
dxm+n
(x2 − 1)n (44)
for every n= 0; 1; 2; : : : and m= 0; 1; 2; : : : ; n, where −1¡x¡ 1 and obviously Pmn (x) ≡ 0 if m¿n.
The associated Legendre functions satisfy
(2n+ 1)xPmn (x) = (n+ m)P
m
n−1(x) + (n− m+ 1)Pmn+1(x); (45)
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(2n+ 1)
√
1− x2Pmn (x) = Pm+1n+1 (x)− Pm+1n−1 (x)
= (n+ m)(n+ m− 1)Pm−1n−1 (x)
− (n− m+ 1)(n− m+ 2)Pm−1n+1 (x); (46)
2mx√
1− x2 P
m
n (x) = P
m+1
n (x) + (n+ m)(n− m+ 1)Pm−1n (x) (47)
and the 4rst derivative relation:
d
dx
Pmn (x) = (1− x2)−1=2[− mx(1− x2)−1=2Pmn (x) + Pm+1n (x)]: (48)
After long calculations, using the above recurrence relations for the associated Legendre functions,
we obtain for the internal solid spherical harmonic eigenfunctions the expressions
(rnY mn (rˆ)) =
1
2
amn
[
(n+ m)(n+ m− 1) Y
m−1
n−1 (rˆ)
am−1n−1
− Y
m+1
n−1 (rˆ)
am+1n−1
]
rn−1xˆ1
+
i
2
amn
[
(n+ m)(n+ m− 1) Y
m−1
n−1 (rˆ)
am−1n−1
+
Ym+1n−1 (rˆ)
am+1n−1
]
rn−1xˆ2
+ amn
[
(n+ m)
Ymn−1(rˆ)
amn−1
]
rn−1xˆ3; (49)
(rnY m∗n (rˆ)) = {(rnY mn (rˆ))}∗; n¿0; m= 1; 2; : : : ; n (50)
and for the case m= 0,
(rnY 0n (rˆ)) =−
1
2
a0n
[
Y 1n−1(rˆ)
a1n−1
+
Y−1n−1(rˆ)
a−1n−1
]
rn−1xˆ1
+
i
2
a0n
[
Y 1n−1(rˆ)
a1n−1
− Y
−1
n−1(rˆ)
a−1n−1
]
rn−1xˆ2
+ a0n
[
n
Y 0n−1(rˆ)
a0n−1
]
rn−1xˆ3; n¿0; (51)
while for the external solid spherical harmonic eigenfunctions the expressions

(
Ymn (rˆ)
rn+1
)
=
1
2
amn
[
(n− m+ 1)(n− m+ 2) Y
m−1
n+1 (rˆ)
am−1n+1
− Y
m+1
n+1 (rˆ)
am+1n+1
]
xˆ1
rn+2
+
i
2
amn
[
(n− m+ 1)(n− m+ 2) Y
m−1
n+1 (rˆ)
am−1n+1
+
Ym+1n+1 (rˆ)
am+1n+1
]
xˆ2
rn+2
− amn
[
(n− m+ 1) Y
m
n+1(rˆ)
amn+1
]
xˆ3
rn+2
; (52)
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(r−(n+1)Ym∗n (rˆ)) = {(r−(n+1)Ymn (rˆ))}∗; n¿0; m= 1; 2; : : : ; n (53)
and for the case m= 0,
(r−(n+1)Y 0n (rˆ)) =−
1
2
a0n
[
Y 1n+1(rˆ)
a1n+1
+
Y−1n+1(rˆ)
a−1n+1
]
r−(n+2)xˆ1
+
i
2
a0n
[
Y 1n+1(rˆ)
a1n+1
− Y
−1
n+1(rˆ)
a−1n+1
]
r−(n+2)xˆ2
− a0n
[
(n+ 1)
Y 0n+1(rˆ)
a0n+1
]
r−(n+2)xˆ3; n¿0; (54)
where
amn =
√
2n+ 1
4
(n− |m|)!
(n+ |m|)! ; n¿0; |m|6n (55)
are the orthonormalizing constants of the spherical surface harmonics. It is obvious, from the de4-
nition of the associated Legendre functions, that
Ym−n(rˆ) ≡ 0; n¿0; (56)
while
Ymn (rˆ) ≡ 0; n¿0; |m|¿n: (57)
Then, relations (49)–(54) hold true for the speci4ed values of n and m.
We look for those harmonic (Fmn (r); f
m
n (r); b
m
n (r)) and biharmonic (B
m
n (r)) eigenfunctions given
by Eqs. (20), (21), (24), (25) for the internal (i) and by Eqs. (29), (30), (33), (34) for the external
(e) representations. The connection is carried to the corresponding constant coeHcients. If we use
now Eqs. (38) and (39) in addition with Eqs. (49)–(57) and with the already calculated &ow 4elds,
we obtain connection formulae for the constant coeHcients after long and tedious calculations. Recall
that the constant coeHcients without the primes are referring to Papkovich–Neuber representation,
while those with the primes are referring to Boussinesq–Galerkin representation.
Connection formulae for the internal Stokes system: The character of the eigenfunctions used
here, so as to obtain velocity and pressure of degree n and n − 1 respectively, make it necessary
to treat the cases n = 0; 1; 2; : : : ; |m| = n + 1 and n = 0; 1; 2; : : : ; |m| = n + 2 separately. The cases
n= 0; 1; : : : ; m=−n; : : : ; n can be investigated collectively.
Hence, the constant coeHcients of the generalized eigenfunctions in Eqs. (20), (21), (24) and
(25) provide us the same &ow 4elds for both the involving di#erential representations, given by
Eqs. (22), (23) and (26), (27), through the connection formulae that follow.
For n¿0 and |m|6n,
c(i)mn = (6 + 4n)c
(i)m′′
n ; (58)
c(i)m
′′
n = A
(i)m′′
n xˆ1 + B
(i)m′′
n xˆ2 + C
(i)m′′
n xˆ3; (59)
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where
A(i)m
′′
n =−
((2n+ 5)=(2n+ 1))1=2{[(n+ 1)(n+ 2) + m2]A(i)m′n+2 + im(2n+ 3)B(i)m
′
n+2 }
[[(n+ 1)2 − m2][(n+ 2)2 − m2]]1=2 ; (60)
B(i)m
′′
n =−
((2n+ 5)=(2n+ 1))1=2{[(n+ 1)(n+ 2) + m2]B(i)m′n+2 − im(2n+ 3)A(i)m
′
n+2 }
[[(n+ 1)2 − m2][(n+ 2)2 − m2]]1=2 ; (61)
C(i)m
′′
n =
((2n+5)=(2n+1))1=2{[(n+2)2−m2]1=2C(i)m′n+2 − 12 ((2n+3)=(2n+5))1=2(2d(i)m
′
n+1 +d
(i)m
n+1)}
[(n+1)2−m2]1=2 :
(62)
Note that |m| = n+ 1; |m| = n+ 2; (n+ 1)2 − m2¿ 0; (n+ 2)2 − m2¿ 0 and that
c(i)m
′
n+2 = A
(i)m′
n+2 xˆ1 + B
(i)m′
n+2 xˆ2 + C
(i)m′
n+2 xˆ3 (63)
are the constant coeHcients corresponding to the harmonic part of the biharmonic eigenfunctions,
B(i)mn (r). It is of interest to note that the coeHcients given in Eqs. (63), as well as the pair of the
scalar constant coeHcients d(i)mn+1 and d
(i)m′
n+1 of the scalar harmonic eigenfunctions f
(i)m
n (r) and b
(i)m
n (r),
respectively, can be arbitrarily obtained for every n= 0; 1; 2; : : : and |m|6n.
Examining, now, separately the case for n¿0; |m|= n+ 1, we obtain, in view of Eqs. (56) and
(57) the equalities
c(i)mn = c
(i)m′′
n = 0; n¿0; |m|= n+ 1 (64)
and
c(i)m
′
n+2 = (2n+ 5)
−1=2
[
d(i)m
′
n+1 +
d(i)mn+1
2
]
xˆ3; n¿0; |m|= n+ 1; (65)
where the scalar constant coeHcients d(i)n+1n+1 ; d
(i)−(n+1)
n+1 , d
(i)n+1′
n+1 ; d
(i)−(n+1)′
n+1 are arbitrary, for every value
of n¿0.
For n¿0 and |m|= n+ 2 the &ow 4elds are zero (V (i)(r) = 0; P(i)(r) = 0) since, according to the
Eqs. (56) and (57),
c(i)mn = c
(i)m′
n+2 = c
(i)m′′
n = 0; n¿0; |m|= n+ 2 (66)
and
d(i)mn+1 = d
(i)m′
n+1 = 0; n¿0; |m|= n+ 2: (67)
It is obvious, from the de4nition of the spherical surface harmonics, that for n¿0 and |m|¿n+ 2
there do not exist any &ow 4elds.
Connection formulae for the external Stokes system: Analogous are the results for the external
representations. If we relate, now, the velocity and the pressure 4elds for both representations given
by Eqs. (31), (32) and (35), (36), we can 4nd those eigenfunctions given by Eqs. (29), (30),
(33) and (34), which provide the same &ow 4elds for Papkovich–Neuber and Boussinesq–Galerkin
representations. For the same reason as before we have to treat the cases n=1; 2; : : : ; |m|=n−1 and
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n= 0; 1; 2; : : : ; |m|= n separately, while the cases n= 2; 3; : : : ; m=−(n− 2); : : : ; n− 2 can be treated
collectively.
For n¿2 and |m|6n− 2,
c(e)mn = (2− 4n)c(e)m
′′
n ; (68)
c(e)m
′′
n = A
(e)m′′
n xˆ1 + B
(e)m′′
n xˆ2 + C
(e)m′′
n xˆ3; (69)
where
A(e)m
′′
n =−
((2n− 3)=(2n+ 1))1=2{[n(n− 1) + m2]A(e)m′n−2 + im(1− 2n)B(e)m
′
n−2 }
[[(n− 1)2 − m2][n2 − m2]]1=2 ; (70)
B(e)m
′′
n =−
((2n− 3)=(2n+ 1))1=2{[n(n− 1) + m2]B(e)m′n−2 − im(1− 2n)A(e)m
′
n−2 }
[[(n− 1)2 − m2][n2 − m2]]1=2 ; (71)
C(e)m
′′
n =
((2n−3)=(2n+1))1=2{[(n−1)2−m2]1=2C(e)m′n−2 +12((2n−1)=(2n−3))1=2(2d(e)m
′
n−1 +d
(e)m
n−1)}
[n2−m2]1=2 :
(72)
Again |m| = n− 1; |m| = n; (n− 1)2 − m2¿ 0; n2 − m2¿ 0. The coeHcients
c(e)m
′
n−2 = A
(e)m′
n−2 xˆ1 + B
(e)m′
n−2 xˆ2 + C
(e)m′
n−2 xˆ3 (73)
correspond to the harmonic part of the biharmonic eigenfunction B(e)mn (r). These constant coeHcients,
as well as the scalar constant coeHcients d(e)mn−1 and d
(e)m′
n−1 , of the scalar harmonic eigenfunctions
f(e)mn (r) and b
(e)m
n (r), respectively, are arbitrary for every n= 2; 3; : : : and |m|6n− 2.
For n¿1 and |m|= n− 1, in view of Eqs. (56) and (57) we obtain
c(e)m
′
n−2 = 0 (74)
and
c(e)mn = (2− 4n)c(e)m
′′
n ; (75)
while
c(e)m
′′
n = (2n+ 1)
−1=2
[
d(e)m
′
n−1 +
d(e)mn−1
2
]
xˆ3; (76)
where, the scalar constant coeHcients d(e)n−1n−1 ; d
(e)−(n−1)
n−1 ; d
(e)n−1′
n−1 ; d
(e)−(n−1)′
n−1 are arbitrary, for every n¿1
and |m|= n− 1.
For n¿0; |m|= n and according to the Eqs. (56) and (57)
c(e)mn = c
(e)m′
n−2 = c
(e)m′′
n = 0; (77)
d(e)mn−1 = d
(e)m′
n−1 = 0; (78)
which force the velocity and pressure 4elds to vanish, while for n¿0 and |m|¿n, there do not
exist any &ow 4elds by the de4nition of the spherical surface harmonics.
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7. Conclusions
In this work a method for connecting two di#erent di#erential representations for Stokes &ow is
developed. Based on this method we examine the Papkovich–Neuber and the Boussinesq–Galerkin
representations, which o#er solutions for Stokes &ow problems. Using spherical coordinates, we
calculate the velocity and the pressure 4eld generated by the well known spherical harmonic and
biharmonic eigenfunctions. Under this consideration, connection formulae are obtained which trans-
form any solution of the Stokes system from the Papkovich–Neuber to the Boussinesq–Galerkin
eigenform and vice versa. Both interior and exterior eigenfunctions are considered, where the corre-
sponding connection formulae are exhibiting a similar structure.
Work under progress involves extension to harmonic and biharmonic spheroidal eigenfunctions
and their Stokes &ow counterparts.
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